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exists a countable model of K which has no prime extension to a model of K'.
If K and K ate theories in a first order language L, then K is said to be a model completion of K if K extends K, every model of K can be embedded in a model of K , and for any model A of K and models B,, B, of K extending A, we have (ßi«)aEA = (B2, a) A, i.e. B. and B, are elementarily equivalent in a language which has constants for the elements of A. If a theory K has a model completion K , then the models of K can reasonably be regarded as the "algebraically closed" models of K;
for example, the theory of algebraically closed fields is the model completion of the theory of fields. It was shown in [3] that the theory K of commutative regular rings with identity (formulated in the usual language L fot rings with identity) has a model completion.
We recall that a commutative ring R with identity is said to be regular (in the sense of von Neumann) if for any element a £ R there exists b £ R such that a b = a. (A good reference is Lambek [2] .) The model completion K is given by the following axioms:
(i) the axioms of commutative regular rings with identity;
(ii) an axiom stating that there are no minimal idempotents, i.e. Vx(x2 = x A x / 0 -♦ 3y(y2 = y A y^0Ay + xAyx = y)\ (iii) a set of axioms stating that every monic polynomial has a root. such that there exists a model A of K extending R and c,, •-• , c in A such that A satisfies all the statements in q when each a_ . is interpreted as t2., and each c_. is interpreted as c. If q is a condition and r/3 is a License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use sentence in L(R, C), then the notion "q forces tp" is defined by induction on the structure of cp, as follows:
(i) If <7J is an equation, q forces cp if and only if cp £ q;
(ii) q forces cp A ip if and only if q forces tp and q forces ip;
(iii) q forces tp \J ip if and only if q forces tp or q forces ip or both;
(iv) q forces 3xç6(x) if and only if for some c_ £ C, q forces cp(c);
(v) (7 forces "1 0 if and only if for no condition q extending q is it the case that q forces cp. This finishes the proof, modulo the Lemma.
In proving the Lemma we will work with idempotents of R , and it will be helpful to make some preparatory remarks about them. An idempotent e of R is an element e in R whose values are everywhere either 0 or 1.
We identify e with the clopen subset of X consisting of all points x £ X such that e(x) = 1. This completes the proof.
Remarks.
(1) Using the model completeness of K , one can argue directly from the Lemma that the type of d is not principal; one can then fall back on the standard omitting types theorem to conclude that R has no prime extension to a model of K . However we feel that the presentation in terms of forcing is more intuitive and more nearly self-contained.
(2) In the general framework of [5], one considers theories which are model completions of universal theories.
In any commutative regular ring there exists for any element x a unique element f(x) such that x f(x) = x and f(x) x = f(x) (see [2] ). If we enlarge our language L to L by adding a 1-place function symbol /, and write the axiom of regularity in the form Vx(x2/(x) = x A /(x)2x = f(x)), then, as is remarked in [3] , K is in L the model completion of K, and K in L is a universal theory. Since the function / is definable in L, it is easy to see that Theorem 1 holds for L as well as for L. Thus with respect to L , K is a natural example of a model completion of a universal theory K which has a countable model R such that the isolated points are not dense in S(R).
Recall that K is K with axiom (ii) deleted.
Theorem 2. // R is the ring of Theorem 1, then R has no prime extension to a model of K .
Proof. Suppose A is a prime extension of R to a model of K . Then since R (as defined in the proof of Theorem 1) is a model of K , there exists an embedding j: A -► R such that /|R is the identity map. Therefore A has the same idempotents as R, since R has the same idempotents as R. Thus there are no minimal idempotents in A, so A is in fact a model of K . Thus A is a prime extension of R to a model of K , contradicting Theorem 1.
We should point out that R is a minimal extension of R to a model of License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
